Minimality in CR geometry and the CR Yamabe 
problem on CR manifolds with boundary 
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Abstract. We study the minimality of an isometric immersion of 
a Riemannian manifold into a strictly pseudoconvex CR manifold 
M endowed with the Webster metric (associated to a fixed contact 
form on M), hence formulate a version of the CR Yamabe problem 
for CR manifolds-with-boundary. This is shown to be a nonlinear 
subelliptic problem of variational origin. 



1. Introduction 

Minimal surfaces A^^ in the lowest dimensional Heisenberg group Hi, 
or more generally in a 3-dimensional nondegenerate CR manifold, have 
been recently considered by a number of people (cf. N. Arcozzi & 
F. Ferrari, P], I. Birindelli & E. Lanconelli, [H], J-H. Cheng et alt., 
N. Garofalo & S.D. Pauls, and S.D. Pauls, [23) motivated 
by the interest in a Heisenberg version of the Bernstein problem, or by 
anticipating an appropriate formulation of the CR Yamabe problem on 
a CR manifold-with-boundary and a CR analog to the positive mass 
theorem. All the notions of minimality dealt with are but ordinary 
minimality of A^^ with respect to the ambient Webster metric. This is 
demonstrated by our Theorem El (though confined to the case where 
the characteristic direction T = d/dt of Hi is tangent to A^^). We 
also study minimality of a given isometric immersion : —>■ H„ 
of a m-dimensional Riemannian manifold {N"^,g) into {M.n, Qbo) (the 
Heisenberg group carrying the Webster metric gg^ associated with the 
contact form 9o = dt + i J2^=ii.^j^'^'^ ~ '^j'^z-')), cf. our Theorem HI A 
first step towards a Weierstrass type representation of minimal surfaces 
in H„ is taken in Theorem [7| 
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The Yamabe problem on a compact n-dimensional (n > 3) Riemann- 
ian manifold (M, g) with boundary dM is to deform conformally the 
given metric g = u'^^^""'^^g (u > 0) such that {M,g) has constant scalar 
curvature and dM is minimal in (M, g) . This is equivalent to solving 
the boundary value problem 

(1) /\u - J^'^. PaU + = in M, 

4(n — 1) 

Qii fi — 2 

(2) — + -^hgu = on dM, 
or] 2 

where A and Pg are respectively the Laplace-Beltrami operator and the 
scalar curvature of {M,g), hg is the mean curvature of dM ^ {M,g), 
and rj is a unit outward normal on dM with respect to g. When M 
is closed {dM = 0) the full solution to ((H) is described in [TH]. When 
dM 7^ the problem (H))-© was solved by J.F. Escobar, (TUI, under 
the assumptions that 1) n G {3,4,5}, or 2) n > 3 and dM has some 
nonumbilic point, or 3) n > 6, dM is totally umbilical, and either M is 
locally conformally flat or the Weyl tensor doesn't vanish identically on 
dM. A CR analog of the Yamabe problem was formulated by D. Jerison 
& J.M. Lee, ^Hj, though only on closed CR manifolds. Precisely, if M 
is a {2n + l)-dimensional closed strictly pseudoconvex CR manifold on 
which a contact form 6 has been fixed then the CR Yamabe problem 
is to look for a contact form 6 = {p = 2 + 2/n) such that the 

Tanaka- Webster connection of (M, 6) has constant pseudohermitian 
scalar curvature p = X. This is equivalent to solving 

(3) -{2 + 2/n) AhU + pu = \ u^'^ 

(the CR Yamabe equation) where Af, and p are respectively the sub- 
laplacian^ and the pseudohermitian scalar curvature of (M, 6). D. Jeri- 
son & J.M. Lee solved (cf. [ini-[IZl) the problem Q under the assump- 
tion that^ A(M) < A(S'2"+^), where A(M) is the CR invariant 

mi{ [ (bnllnnVuf + fm^ A (de)'' : [ A (rf^)" = 1}. 

Jm Jm 

Moreover, the inequality A(M) < A(S'^"^^) holds true. The remaining 
case A(M) = A(52"+^) was settled by N. Gamara & R. Yacoub, [12]. It 
is noteworthy that the proof in J2] doesn't rely on a CR analog to the 
positive mass theorem, but rather on techniques within the theory of 

^As to the sign convention the sublaplacian in ^Hl is —^b- 

^If n > 2 and M is not locaUy CR equivalent to S'2"+i then A(Af) < A(52"+i), 

cf. [ini. 
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critical points at infinity (by analogy with A. Bahri & H. Brezis, j2j). 
When dM 7^ no formulation of the CR Yamabe problem is available 
as yet, perhaps due to the previous lack of a natural CR analog to 
minimality. 

Our approach (as well as in |TH]) is to formulate the CR Yamabe 
problem as the Yamabe problem for the Fefferman metric Fg, a Lorentz 
metric on the total space C{M) of the canonical circle bundle — > 
C(M) M (cf. ^H])- That is, to look for a positive function u G 
C°^(M) such that the Fefferman metric Fg corresponding to the contact 

form 6 = u^~^9 has constant scalar curvature. What is the appropriate 
boundary condition? 

When dM is nonempty C{M) is a manifold-with-boundary as well, 
and (by Theorem [T]) the tangent space Tj(9C(M)) is nondegenerate 
in (T^(C(M)), 2) at all points z, except for those projecting on 
Sing(T^), the singular points of the tangential component (with re- 
spect to dM) of the characteristic direction T of d9. It also turns out 
that dC{M) \ 7r^^(Sing(T"^)) is a Lorentz manifold (with the metric 
induced by Fg). Therefore, when Sing(T-^) = we may request that 
dC{M) be minimal in {C{M),Fq). By Theorem |21 this projects to the 
natural boundary condition ()46|) on dM, thus leading to the CR Yam- 
abe problem ^^ - ^^ on a CR manifold-with-boundary. This is shown 
(cf. Theorem IH)) to be a nonlinear subelliptic problem of variational 
origin. 

Acknowledgements. The Author is grateful to E. Lanconelli for stim- 
ulating conversations on the arguments in this paper and for introducing 
him to the results in the preprint jBj. Also, the Author wishes to express his 
gratitude for the hospitality and excellent working atmosphere in the De- 
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with N. Arcozzi and F. Ferrari (who kindly provided the preprint Jlj). 



2. CR MANIFOLDS WITH BOUNDARY 

Let M be an oriented m-dimensional C°° manifold-with-boundary 
dM. A CR structure is a complex subbundle Ti^q{M) of the complex- 
ified tangent bundle T[M) ® C, of complex rank n (0 < n < [m/2]), 
such that 

Ti,o(M)nTo,i(M) = (0), 
Z,VF G F°°(Ti,o(M)) =^ [Z,W] G F°°(ri,o(M)). 
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HereTo,i(M) = Ti,o(M) (complex conjugation). The pair (M,Ti,o(M)) 
is a Ci? manifold (with boundary) and the integer n is its Ci? dimen- 
sion. Also A; = m — 2n is its Ci2 codimension and the pair (n, k) is its 

There is a natural first order differential operator db (the tangen- 
tial Cauchy-Riemann operator) given by {dbu)Z = Z{u), for any 
function u : M ^ C and any Z e Ti^o{M). Then ^bit = are the 
tangential Cauchy-Riemann equations. A solution to the tangential 
Cauchy-Riemann equations is a CR function on M. Let CR^(M) de- 
note the space of all CR functions on M of class C*. 

The boundary dM is noncharacteristic for Ti o(M) if for any local 
frame {Tq, : 1 < a < n} of Ti^o(-^) defined on the open subset U C M 
one has ^ T{dM)®<C (i.e. 't^,,^ T^{dM)^C, for some x e C/naM) 
for some 1 < a < n. 

The Levi distribution of the CR manifold {M,Ti^q{M)) is 

H{M) = Re{Ti,o(M) © To,i{M)}. 

It carries the complex structure 

J : H{M) ^ H(M), J(Z + Z) ^i{Z -Z), Z e Ti,o(M). 

Assume from now on that M is a CR manifold of type (n, 1) (of hyper- 
surface type). H{M) is oriented by J, hence the conormal bundle 

H{M)^ = {ue T*{M) : Ker(cj) D H{M)^}, x E M, 

is an oriented real line bundle, hence trivial. Let then ^ be a global 
nowhere vanishing section in H{M)^ (a pseudohermitian structure on 
M) . The Levi form is 

LeiZ,W) = -t{de){Z,W), Z,We Ti,o{M), 

and M is nondegenerate (respectively strictly pseudoconvex) if Lg is 
nondegenerate (respectively positive definite) for some 9. Also M is 
Levi fiat ii Lg = (equivalently, if H{M) is integrable). An alternative 
definition of the Levi form is 

Ge(X,Y)^(de)(X,JY), X,YeH(M). 

Note that Lg and the C-linear extension of Gg coincide on Tifl{M) 
Tq^i(M). If M is nondegenerate then any pseudohermitian structure 9 
is a contact form, i.e. 6 A (rf^^)" is a volume form on M. Let M be a 
nondegenerate CR manifold and 6 a fixed contact form (the pair (M, 6) 
is commonly referred to as a pseudohermitian manifold). There is a 
unique vector field T on M such that e{T) = 1 and {de){T, X) = 0, for 
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any X G T{M) (T is the characteristic direction of d9). The Webster 
metric of (M, 6) is given by 

ge{X,Y) = Gg{X,JY), ge{X,T) = 0, ge{T,T) = 1, 

for any X,Y & H{M). gg is a semi-Riemannian (Riemannian, if M is 
strictly pseudoconvex and Lg is positive definite) metric on M. 

Proposition 1. Let M be a nondegenerate CR manifold-with-boundary. 
Then the boundary DM is noncharacteristic for Ti q{M). 

The proof is by contradiction. Assume that there is a local frame {T^} 
of Ti,o(M) onU C M such that T„ E T{dM) ® C, for all 1 < a < n. 
Then Ti,o(M)^ C T^{dM) (g) C for any x G ?7 n dM. Then, by taking 
complex conjugates, Tq^i^M)^ C T^^dM) ® C hence, by looking at 
dimensions, H{M)x = Tx{dM), i.e. Lg^^ = 0, a contradiction. □ 

From now on we assume that M is nondegenerate. For each bound- 
ary point X G dM we set 

Ti,o(9M), = Ti,o(M), n [T,{dM) ® C]. 

Let {Tq : 1 < a < n} be a local frame of Ti o(M), defined on the local 
coordinate neighborhood ([/, ip = {x^, ■ ■ ■ , x^"^^)). U fl consists of 
the points x eU such that (p{x) G = M^" x {0}. We may write 

Ta = fa d/dx^, for some C°° functions f^:U^C By Proposition [H 
there is a, say a = n, such that T„ ^ T{dM) ® C. Then /^"+^(xo) ^ 
for some xq G t/ fl dM, and then /^"'''^ 7^ on a whole neighborhood 
of Xq, which we may denote again by U. Then 

{T, - (Af +VA^"+i) T„:l<j<n-1} 

is a local frame of Ti^o {dM) on UCi dM, hence Ti^ [dM) has rank n — 1. 
We got 

Proposition 2. Let M be a nondegenerate CR manifold-with-boundary, 
of CR dimension n. Then its boundary dM is a CR manifold of type 
{n - 1,2), I.e. Tifl{dM) = Ti^^M) n [T{dM) ^ C] is a CR structure 
of CR codimension 2. 

Let us look at a few examples. For instance, let H„ = C" x M be the 
Heisenberg group, with the CR structure spanned by 

d _ d 

Zj = — + iZj — , l<j<n, 
dzj dt 

(if n = 1 then Zi is the Lewy operator, cf. |2II!)- is a Lie group 
with the group law 

{z, t) ■ {w, s) = {z -\- w,t -\- s -\- 2 lm{z ■ W)), 
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for {z,t), {w,t) G IHI„, where z ■ w = 6jkZ^w'' (with the convention 
z^ = Zj), and Zj are left invariant. 

Example 1. e+ = {{z,t) G H„, : t > 0} is a CR manifold-with- 
boundary (9H+ = C" x {0}. Let U = {{z,t) e M+ : Zn 0}. Then 

(4) _ !fi ^ : 1 < a < n - 1} 

^ ^ dz'^ Zn dZn - - ^ 

is a local frame of Ti_o(5EI+) onU (1 i9EI+. In particular, the tangential 
Cauchy-Riemann equations on dM.'^ are 

du du 

Zn 7^ - Za 7^ = 0, l<a<n-l. 

OZa OZn 

□ 

The Heisenberg norm is |x| = {\z\^ + t'^Y^^, for any x = {z,t) G IH[„, 
where = z ■ ^. 

Example 2. fi,. = {a; G ]H[„ : |a;| < r} (r > 0) is a CR manifold- 
with-boundary dflr = S^, = {x G IH[„ : |x| = r} (the Heisenberg sphere, 
cf. [in])- Let us set (p{z,t) = \z\'^ — it. Note that c^b^ = 0, i.e. 
G CR°°(EI„). Taking into account that 

it follows that is a local frame of Ti_o(Sr) on S^. fl {2; G HI„ : Zn 7^ 0}. 
The Folland-Stein operators are 

1 " — — 

(5) Ca = --''^{ZjZj + ZjZj) +i aT, a G C, 

i=i 

where T = d/dt. Let us consider the function 

(^„(^,t)=0(z,t)-(«+")/^0(M)~^"""^^', 

and the constant c„ = 22-2n7r"+V (r(^) r(^)). a G C is admissi- 
ble if Co 7^ (equivalently if ±a G {n, ?7. + 2, n + 4, ■■■}). The Folland- 
Stein operators (jS]) form a family of operators of the form A + aB 
(where A is a second order hypoelliptic operator and 5 is a first or- 
der operator) which are hypoelliptic for any admissible a (cf. p. 
444). This is by now classical, and as well known the key ingredient 
in the proof is to build a fundamental solution to (0) i.e. to show 
that Ca{^alca) = foY any admissible a. It is noteworthy that the 



Heisenberg spheres are the level sets of 

M^,t) = \4>{z,t)r = {\z\'+ty^\ 

Let ^0 be the canonical pseudohermitian structure on EI^ i.e. 

n 

00 = dt + i ''^^^{zjd'z^ — Zjdz^). 
i=i 

Mn is strictly pseudoconvex and Lg^ is positive definite. Moreover, the 
Webster metric of (EI„, 6*0) is expressed by 

deoi^j, ^k) = 9eoiXj, ^fe) = ^jk , ddaiXj, Yfe) = 0, 

geo{Xj, T) = ge.iYj, T) = 0, ^e„(T, T) = 1, 



where 

1 — i — 



Proposition 3. The Heisenberg spheres form a foliation of (M.n,g0o) 
whose normal bundle is the span of 

(6) V = T + {(p/t)z^Zj + {4>/t)z^Zj . 



Then perhaps © is the Heisenberg analog to the radial vector field in 

(see |13j, p. 331-332). 
Proof of Proposition^ Let us set 

Then {Ej^Fj} is a local frame of the tangent bundle of the foliation 
and a calculation shows that (P) satisfies gg^^Ej, V) = ggo{Fj, V) = 0. 
□ 

Let M and be two CR manifolds with boundary. A CR map is 
a map / : M ^ AT such that (4/)Ti,o(M),. C Ti,o(Ar)^(,), for 
any x G M. A CR immersion is an immersion and a CR map. A CR 
immersion / : M — > A^ is neat if i) /(M) fl dN = f{dM) and ii) for 
each point x G dM there is a local chart ^ : V ^ M™"*"^ of A^ such that 
/(x) G V and ^^-^(R^) = Vn f{M) (m = dim(M)). 

Example 3. = S.,. fl IHI+ is a CR manifold- with-boundary BTj^ = 
S'^"~^(r) X {0} and the inclusion S+ — > is a neat CR immersion. □ 
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Example 4. ^^n+i = s2n+i ^ ^2n+2 jg ^ manifold-with-boundary 
a^^n+i ^ ^2n X {0}. Let C be the Cayely transform 

and / : — >■ c)f2„+i the CR isomorphism f{z,t) = {z,t + i\z\'^) with 
the obvious inverse f~^{z,w) = (2;, Re(w)). Here Q-n+i is the Siegel 
domain 

= {{z,w) e C'*+^ : lm{w) > \z\^}. 
Then F = o C is a neat CR diffeomorphism 

Indeed if C G S'^^'^^ and C"+^ = u + iv {v > ^) and t) = F(C) 
then t = 2f/[(l + + f^] > 0. In particular F descends to a CR 
diffeomorphism [S^'' x {0}) \ {(0, ■ ■ ■ , 0, -1)} C" x {0}. □ 

Let M be a nondegenerate CR manifold-with-boundary. A complex 
p-form 77 on M is a (p, 0)-/ormif To,i(M) \r] = Q. Let AP'°(M) ^ M be 
the bundle of all (p, 0)-forms. If M has CR dimension n then the top 
degree (p, 0)-forms are the (n + 1, 0)-forms. K{M) = A"'+^'°(M) is the 
canonical bundle over M. There is a natural action of M+ = (0, +00) 
on /s:(M) \ {0}. Let C(M) be the quotient space and tt : C(M) ^ M 
the projection. This construction leads to a principal bundle 5"^ 
C{M) M (the canonical circle bundle over M). Let ^ be a pseu- 
dohermitian structure on M and T the characteristic direction of d9. 
Given a local frame {T^} of Ti o(M) on a local coordinate neighbor- 
hood {U, x^), let be the locally defined complex 1-forms determined 

by 

= 5^ , r (T^) = 0, = 0. 

Here Tq = T^. Then 

7r-\U) X S\ [z]^ {x, X/\X\), 

x(e Ae^ A--- AO"")^, Aec\{o}, xem, 

is a local trivialization chart of the canonical circle bundle. Let us set 

7 : n-\U) R, 7([^]) = arg(A) (where arg : C [0,27r)). Then 
(n^^^U), = o TT, 7) are naturally induced local coordinates on 
C(M) and tt-\U n dM) consists of aU c G n-\U) with x'^''+\c) = 0, 
i.e. C{M) is a manifold-with-boundary modelled on M^""'"''^ x M. We 
obtained 
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Lemma 1. Let M be a nondegenerate CR manifold- with-boundary. 
Then the total space C{M) of the canonical circle bundle is a manifold- 
with-boundary dC{M) =TT^^{dM). In particular dC{M) is a principal 
-bundle over DM. 

Let V be the unique linear connection on M (the Tanaka-Webster 
connection) satisfying the axioms 1) H{M) is parallel with respect to 
V, 2) VJ = 0, Vge = 0, and 3) the torsion Ty of V is pure, i.e. 
T^{Z,W) = 0, Tv(Z,W) = 2iGe{Z,W)T, and r o J + J o r = 0. Here 
r(X) = T\r{T,X) is the pseudohermitian torsion. We set A{X,Y) = 
geirX, Y), for any X,Y E T{M). By a resuh of S. Webster, [24j, A is 
symmetric. 

With respect to a local frame {T^ : 1 < a < n} oi Ti^i^M), defined 
on an open set U C M, it is customary to set g^-^ = LsiTa^T-p) (the 
local coefficients of the Levi form), VT/j = uj^ ® Ta (the connection 
1-forms) and R^{Ta,Tb)Tc = Rc^ abTd (the curvature components). 
The range of the indices A, B,C, ■ ■ ■ is {0, 1, ■ ■ ■ , n, 1, ■ ■ ■ , rl} (with 
the convention Tq = T). Next, the pseudohermitian Ricci tensor is 
Rxp = Rx^aji and the pseudohermitian scalar curvature is p = g^^R^-^. 
When M is strictly pseudoconvex and 6* is a pseudohermitian structure 
such that Lg is positive definite C{M) carries a Lorentz metric Fg 
such that Fg = e"°''Fe, where 6 = e^O, u G C°°(M) (in particular 
the restricted conformal class [Fg] = {e^°'"Fg : u G C°°(M)} is a CR 
invariant). Cf. J.M. Lee, [IB], Fg is given by 

(7) Fg = n*Gg + 2{7i*e) a, 



-^{d-f + 7T*(iuj2-- g'^'^dg-^ - , ^ , 
n + ^ ^ " 2^ 4(n + l) 



Fg is the Fefferman metric of (M, ^). Here Gg is the degenerate (0, 2)- 
tensor field on M given by 

GeiX, Y) = {de){X, JY), GeiT, Z) = 0, 

for any X,Y E H{M) and any Z G T{M). Also © denotes the sym- 
metric tensor product. 

Let S = d/d'j be the tangent to the S^-action. cr is a connection 1- 
form in G{M) ^ M. If X G T{M) is a tangent vector field on M 

then X^ G T(C(M)) will denote the horizontal lift of X with respect to 
the connection Ti = Ker(cr). Although the submersion vr : G{M) M 
is not semi-Riemannian (its fibres are degenerate) a technique similar 
to that in EH leads to 
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Lemma 2. For any X,Y E H{M) 



Vjf = {VxYY - {de){X,Y)T^ - {A{X,Y) + {da){X\Y^))S, 

v5f)TT = (rX + 0X)^ 
Vj;*'^XT = (VtX + 0X)T + 2{da){X\T^)S, 



where : H{M) H{M) is given by Ge{(t)X,Y) = {da){X\Y^), 
and V e H{M) is given by Gg{V,Y) = 2{da){T\Y^). Also S = 
{in + 2)/2)S. 

Lemma m relates the Levi-Civita connection V*"*-^^ of {C{M),F0) 
to the Tanaka- Webster connection of {M,6). Cf. [il for the proof of 
Lemma El 

3. The geometry of the first fundamental form of the 

boundaries 

Let M be a strictly pseudoconvex CR manifold and 6 a contact form 
on M such that Ge is positive definite. Let T{dM)-^ —>■ dM be the 
normal bundle of dM ^ {M,ge). Let tan^ : T^(M) T.^{dM) and 
nor^; : Tj.(M) T{dM)-^ be the projections associated with the direct 
sum decomposition 



If T is the characteristic direction of dO then we set T-*- = nor(T) and 



= tan(T). 

Theorem 1. Let Null(j*Fe) consist of all V G T{dC{M)) such that 
Fe(V, W) = 0, for any W e T{dC{M)). Let us consider the closed set 
Sing(T^) = {xedM : Tj = 0} and set Q = dM \ Sing(T^). Then 




T^{M) = T^{dM) © T((9M) 



X 1 



X G dM. 




z G vr-i(Sing(T^)), 



for any z G dC{M). Moreover (vr ^(fi) , i*F0) is a Lorentz manifold. 
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Here j : dC{M) ^ C{M) is the inclusion. Hence dC{M) is degenerate 
at each point z G 7r^^(Sing(T^)). In particular, if dM is tangent to T 
then the boundary {dC{M) , is a Lorentz manifold. 

Example 1. {continued) 

T((9H+) is the span of {Xj - V^yjT, Yj + V2xjT:l<j< n} hence 
^ = T + V2y^Xj - V2x^Yj is normal to dM+ (with = + iy^). 
Then T decomposes as 

T = a^{Xj - V2y,T) + + v^x.T) + c^, 

l + 2|;z|2' l + 2|z|2' l + 2|z|2- 

Then T"*- = and (with the conventions in Theorem Sing(T-^) = 
{0} hence (5C(H+) \ 7r-^(0) , fFg^) is a Lorentz manifold. □ 

Proof of Theorem^ Let V G T{dC{M)) such that ^^(V, VT) = for 
any G T{dC{M)) i.e. 

(7r*G'e)(F, ly) + {n*e){V)a{W) + {n*e){W)(T{V) = 0. 
By taking into account 

(9) T{C{M)) = Ker((T) © Ker(rf7r) 

we may decompose V = Vh + Vy, with Vh G Ker(cr). Then 

(10) G{{d7i)VH,{dn)WH)+e{{dn)VH)cr{Wv) + 9{{dn)WH)a{Vv) = 0. 

As dC{M) is a saturated set, it is tangent to the S'^-action. Hence 
we may apply ^ for W = S e Ker(c/7r) C T{dC{M)). As a{S) = 
l/(n + 2) we obtain 

e{{d7r)VH) = 0, 
i.e. {dn)VH G H{M), hence jTUI) becomes 

(11) G0{{dn)VH, {d7r)WH) + e{{d7r)WHMVv) = 0. 
Applying (fTT|) for 14^ = V gives 

Ge{{dn)VH, {dn)VH) = 

hence {diT)VH = 0, and then Vh = (due to Ker((T) fl Ker((i7r) = (0)). 
Therefore, on one hand 

(12) Null(j*Fe) C Ker(d7r) 
and on the other (jllj) becomes 

(13) e{{d7:)WH)a{Vv) = 0. 
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Let xo G (so that 7^ 0) and zq E n ^(xq). We may apply (fT!?jl for 
VI/ = (T^)T, at the point ^o- Yet 

i^*0)iWH).o = 0{T'"U = \\T^\\lo^O 

hence (by (UHl)) cr(VV)^o = O5 (^v)2o — ^^"^ '^^y conclude that 
Null(j*F0)^Q = (0). To complete the proof of Theorem [T] it suffices to 
show that Null{j* Fq) z is 1-dimensional, for any z G 7t~^{C). Let us set 
X = 7i{z). Then, for any W e T{dC{M)) 

Fe{S,W), = {'K*e){W),a{S), = -L-e.,{{d,Tx)W,) = 

= ge,x{T^, {d,7i)W,) = 
as {dz'K)Wz is tangent to dM. Hence Sz G Null(j*F6i)2 (and we may 
apply (ffej)). 

Since Fg{S,S) = and S is tangent to dC{M), Fq is indefinite 
on T{dC{M)). However (by the first part of Theorem Fq is non- 
degenerate on T{tt^^{Q)) hence {j*Fg)z has signature (2n, 1) at each 

z G 7T-\n). □ 

Proposition 4. Let M be a strictly pseudoconvex CR manifold-with- 
houndary and 9 a contact form with Gg positive definite. Let T be the 
characteristic direction of dO. The property that T G T{dM) is not CR 
invariant. If T E T{dM) and T is the characteristic direction of dO, 
where 9 = e^'^O {u G C°^(M)), then Sing(f ^) = 0. 

Proof. Let us consider a local orthonormal (with respect to ge) frame 
of T{dM) of the form {^i, ■ ■ ■ ,E2n~i,T}, so that Ea G H{M), 1 < 
a < 2n — 1. Next, let us complete {Ea} to a local orthonormal frame 
{El, ■ ■ ■ ,E2n} o{H{M) and set T„ = (l/v^)(E« + 1 < a < n. 

Given another contact form 9 = €"^^9 [u G C°°(M)) the characteristic 
direction of d9 is expressed by 

f = e-^"(r + iv^T^ - iu"T^) = 

dove u"' = Ua = Taiu) (as Lg{Ta,T^) = 60/3). Let ^ be a unit normal 
on dM. Then ^ G {±^2n} hence Sing(f ^) = Sing(T) = 0. □ 

If 2; G C(M) we denote by (3z '■ Tt^(z){M') Ker((j^) the inverse of the 
M-linear isomorphism d^vr : Ker(cr2) — > T.,^(^z){M). It is an elementary 
matter that 

Lemma 3. Given v G T^^dM) its horizontal lift jdzV, z G 7r^^(x), is 
tangent to dC (M) . 



13 



Indeed, let a : (— e, e) dM be a smooth curve such that a(0) = x 
and d(0) = v. Let X G T{dM) be a tangent vector field such that 
Xx = V. Let a) : (— e,e) C{M) be the unique horizontal lift of a, 
issuing at z. As 7i{a^(t)) = a{t) one has a^{t) e dC{M), \t\ < e. On 
the other hand d^(0) G KeT{az) and it projects on v hence 

T,{dC{M))3a^{0)=Xl = (3,v. 

□ 

We set T{dMy = {(3X : X e T{dM)} and V, = Ker(47r), for 
z e dC{M). As observed above, (9C(M) is tangent to the S'^-action 
hence V is a smooth distribution on dC{M). 

Lemma 4. Let M be a strictly pseudoconvex CR manifold-with-boundary. 
One has the decomposition 

(14) T{dC{M)) = T{dMy © V 

Moreover, if dM is tangent to the characteristic direction T of dO then 

(15) T{dC{M))^ C Ker(a), {dTi)T{dC{M))^ C H{M), 



(16) Ker(a) = T^dM^ ® T{dC{M))^. 

Here T{dC{M))^ ^ dC{M) is the normal bundle of j : dC{M) ^ 
{C{M),Fe). 

Proof of Lemma^ Note that 

T{dMy n V C Ker((T) n Ker(d7r) = (0), 

hence the sum T{dMy + V is direct. The arguments preceding Lemma 
Ushowthat T{dMy®V C T{dC{M)). Viceversa, let V e T{dC{M)) C 
T(C(M)). Then (by the decomposition Q) 

(17) V = X^ + fS, 

for some X E T{M) and / G C°°(C(M)). Then 

X^(.) = (47r)V;GT^(,)(9M), zedC{M), 

i.e. X G T{dM) and then T{dC{M)) C T(9M)T © V. To check (USD 
let V G r(9C(M))^ C T{C{M)) and use Q to decompose as in dnj). 
By assumption T G T(9M) hence G T{dC{M)) and then 

= Fe(y, T^) = G{{dT^)V, {d'K)T^) + e{{d7T)T^)a{V) = 

f f 
= Ge(X, T) + — ^ = — ^ 
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i.e. f = 0, OT V = G Ker(cr). To check the second statement in 
(Uni) let 

V e T{dC{M))^ C Ker(a) = T(M)^ = H{M)^ © (MT)^ 

i.e. V = Y^ + fT\ for some Y e H{M). Moreover S e Ker(rf7r) C 
T{dC{M)), hence S' and V are orthogonal 

= FeiS, V) = e{idn)V)aiS) = 

n + 2 

i.e. f = 0, or V E H{My . (fTK|) is proved and may be equivalently 
written 

T{dC{M))^ C H{M)\ 

When = the space T{dC{M)) is nondegenerate in {T{C{M)), Fg) 
hence so does the perp space T{dC{M))^. Also 

T{C{M)) = T{dC{M)) © T{dC{M))^. 

Let us prove (fTBj) . First 

T(9M)T n T(9C(M))^ C T(9C(M)) n T{dC{M))^ = (0) 

hence the sum T{dMy + T{dC{M))^ is direct and (by (US))) 

(18) T{dMy © T(a(:7(M))^ C Ker(a). 

Finally (by dUD) 

Ker(a) © Ker(rf7r) = T(C(M)) = T{dC{M)) © T{dC{M))^ = 

= T{dMy © Ker(d7r) © T{dC{M)y 
and (UHl) yields (HH). □ 

From now on we assume that dM is tangent to T. Then let us 
consider a local orthonormal frame {Ei, ■ ■ ■ , E2n-i,T} of T{dM), with 
respect to 2*(76) (the first fundamental form of i : dM > M), defined 
on some open set U C dM. In particular ii^^ G H{M), 1 < a < 2n — 1. 

Lemma 5. Let M be a strictly pseudoconvex CR manifold-with-houn- 
dary. Let 9 he a contact form on M such that Gg is positive definite 
and let T he the characteristic direction of dO. Assume that dM is 
tangent to T . Then 

is a local orthonormal frame ofT{dC{M)), with respect to j*Fg, defined 
on the open set 7r~^{U) C dC{M). In particular — {{n + 2)/2)S 
is a glohal timelike vector field on dC{M), i.e. {dC{M),j*Fg) is a 
spacetime. 
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See also 0. The proof is straightforward. 

4. The geometry of the second fundamental form of the 

boundaries 

As {dC{M),j*F0) is a Lorentz submanifold of {C{M),Fq) we may 
write the Gauss equation 

for any X, y G T{dC{M)). Here V'^'"'^*^-' is the induced connection and 
B is the second fundamental form of j : dC{M) C{M). Cf. e.g. 
[221, P- 100- this point, we wish to compute the mean curvature 
vector of j 

H = ^^trace,-.^,(B). 

To this end it is convenient to use the local frame in Proposition El 

Theorem 2. Let M be a strictly pseudoconvex CR manifold-with- 
houndary, of CR dimension n, and 9 a contact form on M such that 
Gg is positive definite. Assume that DM is tangent to the characteris- 
tic direction T of dO. Let {Ei, ■ ■ ■ , E2n-i, T} be a local gg-orthonormal 
frame ofT{dM) and ^ a unit normal vector field on dM, both defined 
on the open set U C dM. Then the mean curvature vector H of the 
immersion j : dC{M) ^ C{M) is given by 

^ 2n-l 

(19) = ^— 9e{VE.Ea , 

a=l 

for any z G 7r^^(f/). Here V is the Tanaka- Webster connection of 
{M,6). In particular EI = {2n/{2n + 1)) H\ where H is the mean 
curvature vector of the immersion i : dM ^ M. Therefore, dC{M) is 
minimal in {C{M),Fg) if and only if dM is minimal in {M,gg). 

Example 5. M^" x R is a strictly pseudoconvex CR manifold (with 
the CR structure induced from H„) whose boundary N = c?(M^" x R) is 
tangent to T = d/dt. The normal bundle of the boundary is the span 
of ^ = d/dy" — 2x„T. By the Gauss formula, the second fundamental 
form of the boundary is given by 
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Here l<a,/3<2n — 1. On the other hand, the induced metric on N 
is given by 

/ 2{6ij + 2yiyj) -^ytXp -2yi \ 

g : -4x„?/j 2{5ap + 2XaXp) 2Xa 

V -2%- 2x^3 1 / 

hence (by an argument similar to the proof of Lemma [7j) the corre- 
sponding cometric on T*{N) is given by 

(20) 9'^ ■ \ ¥''^ 

\ yi -x^ l + 2|a;'|2 + 2|yp / 

where x' = (xi, ■ ■ ■ ,X2n-i), = XqX" and = yjy^ ■ Finally a 
calculation (based on (jlHI)) shows that 2nH = g"-^B{da, db) = 0, i.e. 
is minimal in (M^" x M, gg^-^). In particular (by Theorem |21) 9C(R^" x M) 
is minimal in (C(M^" x M),FeJ. □ 

Let {Xa '■ l<v4<2n + l}bea local Fg-orthonormal frame of 
T{dC{M)), i.e. Fe{XA,XB) = eA^AB. with = ■ ■ ■ = e^n = I = 
— e2„+i. Then EI is locally given by 

^ = 7T^y.^AnxA,XA). 

2n + 1 ^ 

Proof of Theorem |21 Using the local frame furnished by Lemma |31 
we obtain 

2n-l 

(21) {2n + l)m=J2 ^(El El) + 2{n + 2)M{T\ S). 

a=l 

As a consequence of Lemma |21 we have 

(22) Vlf '^El = (V^ Ejt _ ^1 A{E^^ E^)S, 

(23) VjJ*'^5 = 0. 

The equation implies B(T1^,S') = (with the corresponding sim- 
plification of dni). As T G T((9M) we have 

T{dM)^ C H{M). 

We need the following 
Lemma 6. 
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Assume that dM is tangent to T . Let T{dM)^ — > dM he the normal 
bundle of the immersion i : dM ^ M . Then 

(24) [T{dM)^]^ = T{dC{M))^. 

Proof of Lemma El Let ^ G T{dM)^ and V G T{dC{M)) = 
T{dMy ®KeT{d7i),i.e. V = X^ + fS. Let us set Xh := X ~ 9{X)T e 
H{M). Then 

FeiV,e) = GeiX,0 + fFeiS,e) = 

= Ge{XH,0 + f OiO^iS) = ge{XH,0 = 
because X, T G T{dM) imphes Xh G T{dM). It follows that 

[T{dM)^]^ C T{dC{M))^. 

The desired equality follows by inspecting dimensions. □ 

Let ^ be a unit normal vector field on dM, defined on the open set 
U O N. Then (by LemmaEI) is a unit normal vector field on dC{M). 
Then (by the Gauss equation and by (f22|) ) 

which yields □ 

The Levi-Civita connection V^" of (M, gg) is related to the Tanaka- 
Webster connection V of (M, 6) by 

(25) V^^Y = VxY + {n{X,Y)-A{X,Y))T+ 

+t{X)9{Y) + 9{X)JY + 9{Y)JX, 

for any X, F G T(M). Here n = -d9. Cf. e.g. 0, p. 238. Thus, for 
any X, F G H{M) 

V^«F = Vxl" + (f^(X, F) - A(X, F))T 

and then 

implies (as gg{T,^) = 0) 

{2n+l)M = J29ei'^tEa,m^ = 

a 

= J29eiBiEa,Ea) , = 2ngeiH, 
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because Vf?T = implies B{T,T) = 0. Here B is the second funda- 
mental form of i : dM "—^ M and H = (l/(2n)) tracegg(i?) is its mean 
curvature vector. Then H = {2n/{2n + 1)) H\ □ 

Theorem 3. Let M be a strictly pseudoconvex CR manifold-with- 
houndary and 9 such that T G T{dM). Then dC{M) has nonumhilic 
points in {C{M),F0). Moreover dM is totally umbilical in {M^qq) if 
and only if 

M{X\T^) = {{da){X\e)+9e{X,J0}i\ 
for any X, F G T{dM) n H{M). 

Proof. By ()25p and the Gauss formula for the immersion DM (M, gg) 

BiX, Y) = geiVxY, 0^, BiX, T) = g^irX + JX, 0^, 

for any X,Y E T{dM) n H{M). Next, by Lemma H and the Gauss 
formula for the immersion dC{M) -—^ {C{M), Fq) 

(26) M{X\Y^) = B{X,Y)\ 

(27) B(X^TT) = B{X,Ty + {{da){X\e) + ge{XJO}i\ 

(28) B(X^ S) = -ge{X, Ji)i\ B(T^ S) = 0. 

Note that is tangent to dM. Assume that B = (g) H. Then (by 
(|28|)) is orthogonal to dM, hence ^ = 0, a contradiction. The last 
statement in Theorem IHl follows from B = ge ® H and P?)|) - ()27j) . □ 

5. Minimal submanifolds 

The purpose of this section to investigate minimal submanifolds in 
the Heisenberg group ]HI„. First, we establish the relationship between 
the notion of X-minimality of N. Arcozzi & F. Ferrari, cf. (3) in pp, 
I. Birindelli & E. Lanconelli, cf. (3.23) in 0, and N. Garofalo & S.D. 
Pauls, cf. (2.5) in |T3] (see also [22]) and minimality of an isometric 
immersion (between Riemannian manifolds). Second, we prove the 
following 

Theorem 4. Let ^> : N ^ ]HI„ he an isometric immersion of a m- 
dimensional Riemannian manifold {N,g) into {Mn,g0g). Then is 
minimal if and only if 

(29) A$ = 2JT^ 
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where A is the Laplace- Beltrami operator of{N, g). In particular, there 
are no minimal isometric immersions ^ of a compact Riemannian 
manifold N into the Heisenberg group such that T is tangent to ^(A^). 



Compare to Theorem 6.2 and Corollaries 6.1 and 6.2 in [Hj, p. 45- 

48. Let M = Hi be the lowest dimensional Heisenberg group and 
: Hi — > M a function. Let us set 

N = {xeUi: <^{x) = 0} 

and assume there is an open neighborhood O D N such that 

(30) |V^(x)|>a>0, xeO. 

Here is the Euclidean gradient of (f. Let {z, t) be the natural 
coordinates on Hi = C x R and set Z = Zi = d/dz + iz d/dt (the 
generator of Ti^o(EIi)). Let 6o = dt + i{zdz — zdz) be the canonical 
contact form on Hi. Note that L0i^{Z,Z) = 1. The Tanaka- Webster 
connection of (Hi, 6q) is given by 

Tic = 0, A5,Cg{1,T,0}. 

Let us set Xi = ^{Z + Z) and X2 = Yi = ^ {Z -Z). We shall prove 
the following 

Theorem 5. Let = {x G Hi : ip{x) = 0} be a surface in Hi such 
that holds. Assume that N is tangent to the characteristic direction 
T = d/dt of (Hi, ^o)- Let ^ be a unit normal vector field on N. Then 
the mean curvature vector of N in {Mi, gg^) is given by 

Here \Xip\'^ = (Xiy^)^ + (X2V9)^ is the X -gradient of (p. 

Proof of Theorem]^ T{N) is the span of {E , T} while T{N)-^ is the 
span of ^, where 

E = - iX,if)X,}, e = ^{(^iV^)^i + (^2^)X2}, 

so that gQ^{E,E) = 1 and geo{^,0 = 1- A calculation (based on 
VxjXk = 0) leads to 

^^^^ = (^) - (^) ' 

^^^^ = (^) - (^) ' 
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hence 
(32) VeE 



\X^\ 

+ 



Xo 



Then (by (jSg)) 

(33) ^?^o(Vi,i?,0 = -E^.(^) + 

Using the identity 

\X^\X,{\X^\) = (Xiif) X,X,if + {X2V) X,X2V 

one may show that the second term in the right hand member of ((221) 
is iXi^l""^ times 

(X2^)2{(X2X2<^)|X<^| - (X2<^)X2(|X<^|)} + 

+ {X^^f{{X,X,^)\X^\ - (Xi<^)Xi(|Xv9|)}+ 
+ (XiV9)(X2V^){(XiX2<^)|X<^| - {X2v)Xi{\Xif\)}+ 

+ {Xiip){X2ip){{X2Xiip)\X^\ - (XiV9)X2(|Xv9|)} = 

= -{(Xiv^)Xi(|Xy,|) + (X2V^)X2(|X^|)}{(Xi^)2 + {X2^)'}+ 
+ |X(^|{(Xi(^)2XiXi(^ + 2(Xi(^)(X2<^)XiX2<^ + (X2<^)2X2X2<^} 
(as [Xi,X2] = -2 T and T(^) = 0) or 

-(X2<^)|X(^|{(Xi<^)X2Xi<^ + (X2<^)X2X2<^}- 

-(Xi(^)|Xv9|{(Xi(^)XiXi(^ + (X2<^)XiX2<^}+ 
+ \Xip\{{X^ipfX^Xiip + 2{X,ip){X2ip)XiX2ip + (X2^)='X2X2V9} = 
hence ^ leads to (jSH). □ 

Let us prove Theorem 01 Let ( ) be the Cartesian co- 

ordinates on M^"+-'^ and {U,u^, ■ ■ ■ ,u^) a local coordinate system on 
X. Let i^(^E') be the mean curvature vector of \E' : X — EI„. Then 
H{^) = H'^Oa, where Oa is short for d/dx^. Let go = ge^ be the Web- 
ster metric of (E[„,^o) and the Levi-Civita connection of (EI„,(yfo)- 
We set = (9^^/9m", so that ^,(9/(9m") = B^Oa- Let {^i, ■ ■ ■ , ^m} 
be a local orthonormal (with respect to g) frame of T{N), defined on 
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U. Then = E^d/du^. Taking into account that E^B^ = 
the Gauss formula of ^ 

Dl^Ep = ^,DE^Ef, + BiE^,Ep) 

may be written 

{E^{E^^^)-{DE^Ep){^^)}dA = 

= B{E^, Ep) - E^{^^)Ep{m'')Dl^dB . 
Here D is the Levi-Civita connection of (A^, g) and B is the second 
fundamental form of ^ . Contraction of a and (3 gives 

m 

(34) (Av[/^)9^ = mH{^>) - ^ E,(vI/^)i5;,(vI/^)Z}0^9B 
Since 

(35) d, = ^ = Z, + - 2y^r, = ^ = i{Z, - Z,) + 2x^T, 

it follows that the Tanaka- Webster connection of (EI„, ^^o) satisfies 

Va.^fc = Vdj+^dk+n = 0, 



(36) Va^dk+n = -Va,^„5fc = 26jkT, 

Va^T = VtOb = 0. 
Let J be the complex structure in H{M.n), extended to a (1, l)-tensor 
field on H„ by requesting that JT = 0. Using D° = V - (rf^o) ® T + 
2(6'o © J) it follows that 

E„(^^)E^(^^)D0^9b = ^,(^^)^;3(^^)Va^9B- 
-{de){E^, Ep)T + d{E^)jm,E0 + 9{Efi)J^,E^ 
where 6* = \E'*6'o. On the other hand, by (jHH)) 

£;„(*^)^/3(^'')Va_,9B = 

n 

Also Ea^(^a) = Ea^?o(T,vl/,Ej = Ea ^?(^^, ^ence 

a 

so that (jnij) becomes mif(^) = - 2JT^ (yielding □ 

Our Theorem El demonstrates that the Webster metric is the " cor- 
rect" choice of ambient metric. Nevertheless, even the geometry of a 
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hyperplane in (EI„ , go) turns out to be rather involved. In the sequel, 
we work out explicitly the case of {z G H„ : t = 0}. 

Example 1. (continued) Let \Ef : dM^ be the inclusion and 

g = '^*go (the first fundamental form of \E'). Let A be the Laplace- 
Beltrami operator of {dM^,g). We may state 

Proposition 5. The coordinate functions on dW^ ^ C" satisfy 
Az^ = 2z^/{l + 2|zp). Consequently the boundary of {M.^,go) is mi- 
nimal. 

Note that 

doidi) = -2yi , 9o{di+n) = 2xi , 
{deo){di, dj) = {deo){di+n, dj+n) = 0, (rf6'o)(9i, dj+n) = '^^ij , 
Jdj = dj^n ~ 2xjT, Jdjj^n = ~ '^yjT- 
Then by ^ (with r = 0) and by dHEl) it follows that 

Did, = -2{y,b) + )^ + 4(2/.x, + y,x,)T, 

d d 

DaA+n = 2{y,— + xj-^) + A{yiyj - XiXj)T, 

Dl^A+n = -2{x,6'; + Xj6f)^ - 4{x,y, + Xjy,)T. 
Next, we shall need the Gauss formula 

Dld, = D9A + B{da,d,), 
where D is the Levi-Civita connection of {dM.'^,g). We obtain 
B{di, dj) = 4:c{yiXj + yjXi)^, 



(37) B{di, dj+n) = MyiVj - 
B{di+ri, dj+n) = ~'ic{xiyj + xjyi)^, 

hence \E' is not totally geodesic, and if Dg^dh = ^ab^c then 

. = -Ac{yiX, + yjXi)y^ , rf+„" = -Ac{xiy, + Xjyi)x^ 
rf+" = Ac{y,Xj + y,Xi)x'' - 2{y,6^ + y,6f), 

(38) rf^.+„ = 2yiS^ - 4c{y,yj - x,xj)y'' , 

k+n 
i j+n 



Tt+nj+n = -2(x.5; + x/f) + Ac{x,yj + x,y,)y' 
We need the following 
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Lemma 7. The local coefficients of the cometric g^^ on T*(9E[+) are 
given by 

(39) 9-':(^^'-fy' . 

^ ' \ ex y-' ^0 ■' — cx X- 

Consequently 

1 , du , ■ ■ d'^u ■ ■ d'^u ; . d'^u 
Au = - Aou + 2c— - c{yy ^ . - 2y'x^ ^ . + x'x^ ^ . } 

2 or ox^ox^ ox'^oy^ oy^oy^ 

for any u G C^(9EI+), where Aq is the ordinary Laplacian on R^" and 
d/dr is the radial vector field x^{d/dx^) + y^{d/dy^). 

By Lemma [7| it follows that Ax^ = 2cx^ and Ay^ = 2cy^, hence the 
first statement in Proposition El On the other hand T-*- = implies 
JT^ = c d/dr hence (by Theorem 0)) i^(^E') = 0. Note that the mean 
curvature vector may be also computed from 2nH{'^) = g"'^B{dai 9b) 
by (jSIj) and 

It remains that we prove Lemma[7| The first statement is elementary 
yet rather involved. The identities gacg'^^ = J^ay be written 



(40) 



f 2{6,, + 2y,y,)g^>' - Ay.x.g^^^^'' = 6f , 
2(5,, + 2|/,|/,)(?^>+" - = 0, 

-Ax^yjg^'' + 2{6^j + 2x,Xj)^^+"''^ = 0, 



Contraction of the first two equations (respectively of the last two 
equations) by (respectively by x*) gives 

{l + 2\y\')y,g^'-2\y\'x,g^+--' = y', 

(1 + 2|yny,.^^>+" - 2\y\'x,g^^-''+" = 0, 

2\x\%g''' - (1 + 2|xnx,-^^'+"''= = 0, 



-2|xpi/,/'=+" + (1 + 2|xnXj^^'+"''^+" = x^ 



where from 



y^g^'' = |(1 + 2\x\')y' , x,g^+-'' = c\x\Y 



1/,/^+" = c\y\'x'' , a;,^/^+"''=+" = |(1 + 2\y\')x' , 
and substitution back into (jiUI) yields (jSHI). To compute the Laplacian 

dx'' V dx^ dx'' \ J dx^ 
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(with G = det[(7afc]) we recall that d{\og \fG)/dx"' = hence (by 
d 



dx 

Then §^ yields the result. □ 



— (log^/Gj=2cXa, l<a< 



2n. 



6. The CR Yamabe problem 

Let M be a compact strictly pseudoconvex CR manifold-with-boun- 
dary, of CR dimension n, and 6 a contact form on M with Gq positive 
definite. Let us assume that dM is tangent to the characteristic direc- 
tion T of dO. 

Lemma 8. Let us set p = 2 + 2/n and f = {p — 2) logu, with u G 
C°°(M), M > 0. Ife = efe then dC{M) is minimal m {C{M),F^) if 
and only if 

(41) ^^^^ -nFe(e,?7) uo7r = on aC(M), 

where rj and M are respectively an outward unit normal and the mean 
curvature vector of the immersion dC{M) ^ {C{M),Fg). In partic- 
ular, if ^ and H are an outward unit normal and the mean curvature 
vector of the immersion dM ^ [M^go) then (|4ip projects to 

(42) ^-2^^^^^^'^)" = ° 



The first statement in Lemma |H1 is of course well known in conformal 
geometry. We give a brief proof for the convenience of the reader. 
If 6' = e-^6 the corresponding Fefferman metric is Fg = e-^°'^F0 hence 
the Levi-Civita connections D and D (of Fg and Fg, respectively) are 
related by 

(43) DyW = DyW + \{V{f)W + W{f)V - Fe{V, W)D{f o vr)}, 

for any V,W & T{C{M)), where D{foTx) is the gradient of /ovr with re- 
spect to Fq. Our assumption T G T{dM) and Proposition [T] imply that 
T{dC{M)) is nondegenerate in T{C{M)) with respect to Fq, hence with 
respect to Fg as well. Let B and B be the second fundamental forms 
of the immersions dC{M) ^ {C{M),Fe) and dC{M) ^ {C{M),Fg). 
Then (by ()43|) and the Gauss formula) 

(44) B = B - - Fe O {D{f o vr))^ . 

2 
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Taking traces in shows that the mean curvature vectors of the two 
immersions are related by EI = e^''^{EI — |(-D(/ o tt))-*-} hence dC{M) 
is minimal in (C(M),Fg) if and only if H = {l/2){D{f o tt))^ and 
()41|) is proved. Let ^ be an outward unit normal on dM in {M,gg). 
Then 77 = is an outward unit normal on dC{M) in {C{M),Fq). 
Then (by Theorem |2)) the mean curvatures of dM ^ (M, go) and 
(9C(M) ^ {C{M),Fe) are related by 

2n 

Feim,r]) = -—-geiH,Oo^ 
2n + 1 

hence PT|) projects on M to give (jl^ . □ 

We may consider the problem 
(45) -6„ AfeM + pu = X u^-^ in M, 



(the CR Yamabe problem on a CR manifold-with-boundary) where 

AbU = div(V^M), u G C\M), 

is the sublaplacian of {M,6), 6„ = 2 + 2/rz, A is a constant, and /ie = 
gg{H,C,) G {±||/f||}. Also Vm is the gradient of u with respect to 
(7e and V^u = ttj^Vu (the horizontal gradient) where vr// : T{M) —>■ 
H{M) is the projection associated with the direct sum decomposition 
T{M) = H{M) © MT. The divergence operator is meant with respect 
to the volume form uj = 6 /\{d6)'"'. The problem (P3jl - ()46p is a nonlinear 
subelliptic problem of variational origin. Indeed, we may state 

Theorem 6. Let us set 

A0{u) = I {bn\\V^u\\'^ + p v?}lo — an I pe u'^ da , 

Jm JdM 

Be{u) = [ 

where a = vo\{i*g0), the canonical volume form associated with the in- 
duced metric i*g0 on dM, and an = 2""*"^ (n + 1)! n/ {2n + 1) . Moreover, 
let 

Qoiu) = ^^, Q{M)=mi{Qe{u):ueC'^{M), u>0}. 

If u E C°°{M) is a positive function such that Qeiu) = Q{M) then u 
IS a solution to with A = {p/2)Q{M), a CR invariant of M. 
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Proof. If {Ta} is a local frame of Ti^^M) then the horizontal gradient is 
expressed by V^u — u'^T^ + u'^Ta, where u"' — g°'^u-0 and u-^ = Tj{u) , 
hence ||V^it|p = 2uo,u'^. Then 

^{Ae{u+th)}t=o = 2 I {bn{u°'ha+Uah")+puh}uj-2an f Heuhda, 

JM JdM 

for any h G C'^{lnt{M)) n C^(M) (where Int(M) = M \ 9M). On the 
other hand 

JM JM 

= I div {hu''Ta)ou - I {r«(w") +'u"div(r«)}/iu;. 

JM J M 

Note that div(r„) = T^^ hence T^{u") + 'u"div(T„) = where 
= g'^^Ujp and rt^^ = (V^u)(ra, T^). The complex Hessian is meant 
with respect to the Tanaka- Webster connection i.e. 

{W'u)iX,Y) = iWxdu)Y = X{Y{u)) - {WxY){u), 

for any X,Y e X{M). Note that u; = dvo\{ge) (with Cn = 2"n!). 
Then (by Green's lemma) 

/ u°'haUJ — Cn / hu°'ge{Ta,i)da — / u°'ahuj. 

JM JdM JM 

As the sublaplacian is locally given by 

we may conclude that 

d f 

(47) — {Ae(ii + t/i)}t=o = 2 / {-hn^hu + pu)huj+ 

+2/ [6nC„5'e(V^ii,0 - On/zH^^^cr- 

JdM 

Also 

(48) 4{^e(« + th)}t=^ =p f u'+^/^hu. 

As T e T{dM) one has ^ e i/(M) hence ge{V"u,^) = ^(w) (also 
denoted hy du/d^). li u achieves Q{M) 



j^{Q8{u + th)}t=o^O 



hence 



2/ {-bnAbU + pu)hu; + 2 [bnCn^{u) - anPeu]hda- 

JM JdM 
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Jm 

In particular this holds for /ilg^/ = hence 

-bn AkU + pu = (p/2)Q(M)m1+2/- 
and going back to arbitrary h 

du On 



figu = on dM 



which is (Uni) because an/ipnCn) = 2n^/(2n+ 1). The proof that Q{M) 
is a CR invariant is similar to the arguments in ^H], P- 174-175. Let 
^ M be the ]R+-bundle spanned by 9 and let us set 

= {z/ : ^ M : v{te^) = r'^v^O.^), for all t > 0}, {a > 0) 

for any x G M. Then {i'g)x{tOx) = 1/^ defines a global frame {ug} of 
^ M (and of course {t'g } is a global frame of — M). We need 
the CR invariant sublaplacian 

L : r°°(E"/2) r°°(Ei+"/2), L(nz/;/') = (-6„ A^m + p 

By definition fj^jUUg^^ = f^jUU. A section s = uug in E" is positive 
if u > 0. Finally, the fact that Q{M) is a CR invariant follows from 



(49) 



Q(M) = inf{ / {Ls) s : se r°°(E"/2) 

a positive section such that / s^ = 1}. 

Jm 

The identity (jl^ follows from the fact that the sets {Ag{u) : Bq{u) = 
l,u > 0} and {Ag{u) / Bg{u) : m > 0} coincide and from the calculation 



(Ls) ® s = / {—bnuAbU + pu)uj, 
M Jm 

/ u{Abu)uj= / {div(MV^M) - ||V^m||^}u; 
Jm Jm 

f du ^ f ii^rr 2 

= c„ / u — da- I II V m|| u;, 
iaAf "^4 J m 



hence (by (gHl)) /^(^s) ® s = ^^(m), for any s = uvq'"^ G r°°(E"/2). 
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7. Minimal surfaces in EI„ 



Let (A^, g) be a 2- dimensional Riemannian manifold and \E' : ^ H[„ 
a minimal isometric immersion of {N,g) into {M.n,go)- Let {U,z = 
X + iy) be isothermal local coordinates on A^, i.e. locally 

g = 2E{dx^ + dy^), 

for some E G C°°{U), E > 0. As well known the Laplace-Beltrami 
operator of (A^, g) is locally given by 

Let us set = '^^ + i\E'-'+", 1 < j < n, and / = \E'°. Also, we consider 
K : U ^ C given by 



9z 



dF^ -^jdFK 
F 

dz dz ' 



Lemma 9. The normal component of the characteristic vector field 
T = d/dt of d9o is locally given by 



(50) 



'I - -\K\^)T- 



1 —dF^ dF^ —dF^ dF^ — 



Proof. The characteristic direction decomposes as T = \E'=kT-^ + T-*-, 
where = Xd/dz + Xd/d'z, for some A G C°^{U). Taking the inner 
product with -^^d/dz yields A = K/E hence (jSHI) yields □ 

Lemma 10. Let : N EI„ be an isometric immersion of {N,g) 
into {Mn, go) ■ Then 



(51) 



^ -A dF^ dF^ 
2 2^ ^ + = 0, 



9z cfe 



(52) 



(92; 



+ 



dz 



+ \K\^ ^ 0. 



29 

Proof. A calculation based on shows that the Webster metric of 
(EI„,6'o) is given (with respect to the frame {d/dx^, d/dy^, d/dt}) by 

/ 2{6jk + 2yjyk) -^yjXk -2yj 
9o ■ -4:Xjyk 2{5jk + 2xjXk) 2xj 

\ -2?/fc Sxfc 1 

hence 

j 

9e{^*§; ' "^^^^ = ^^^^^^^ = + E^i^- 

j 

(where qab = go{dA,dB))- Since \1/ is an isometric immersion 
(53) ,„(vp.|,*.|,.o. 

<5'" 

and then (jSHll-dMl) yield (jni)-(|S21), respectively. □ 
Note that (again by ((221)) 

n 

+{Af + 2 ^(^^A^^+'^ - ^^■+"A^^)}T 

and (by Lemma IHI) 

tE JT^ = (KFl + KFi)Z, -(KFi + KFI)Z, 
hence the minimality condition ()29|1 becomes 

(55) AF^ = -'^(KFl + KFi), 1 < j < n, 

F 

and A/ = f ^.{TAF^ - F^AT) or (by 

(56) ^f = ^m\F\% + K{\F\%}. 

Let be a Riemann surface. An immersion \I' : ^ EI„ is conformalif 
hold, for any local complex coordinate system {U, z = x + iy) 
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on A^. Moreover ()55|l - ()5fi|l lead to the following definition. A mini- 
mal surface in EI„ is a Riemann surface N together with a conformal 
immersion \E' : — > EI„ such that 

(57) f4 + i(KFl + KFi) = 0, I < j < n, 



(58) f..-l{K{\F\'), + K{\F\%} = 0. 

Here \F\^ = J^j F^F . We may state the following 

Theorem 7. Let Q G C be a simply connected domain and \E' : i7 — > EI„ 
a minimal surface such that JT^ = {e.g. ^E'(^^) is tangent to the 
characteristic direction of dOo). Let us set $ = d'^/dz. Then $ is 
holomorphic and ()51|) - (j3^ hold in Q. Viceversa, let ^ : Q ^ (^2n+i 
a holomorphic map and let us set 

(59) ^^{z)=Re [\^{OdC, AG{0,l,---,2n}, 

J o 

for any z E Vt, where a E Vt is a fixed base point. Let K : Q C be 
given by 

= $° - 2 ^{$^' Re / $^+"(C)c^C + ^^^"^ Re / ^\C)dC}- 

j—l Jo Jo 

If the following identities hold in Q 

n 

(60) 2 J]{|<l>^f - + i{^^+''W + ^^W^"")} + _ 0, 



(61) 2^(|$^f + |<l>^'+"n + |ir|VO, 

(62) K{¥ + i¥+'') + K{^^ + iW^"") = 0, 1 < j < n, 

then ^ -.Vt ^ HI„ ^s a minimal immersion such that JT^ = 0. 

Compare to Theorem 8.1 in [8^, p. 58. Proof of Theorem^ ()5H1 - (|H^ 
follow from Lemma UHl Next JT^ = and dSH)-® yield d<^/dz = 
in Q. 

Viceversa, given a holomorphic map $ : f2 ^ (j^2n+i ^j^g function 
v|/^ given by ()59|) is well defined (by the classical theorem of Cauchy 
the integral doesn't depend upon the choice of path from a to z) and 
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d^/dz = $ hence yield (ini)-(IS21) so that are sat- 

isfied and (7o(^*f^/"9a; , '^^.d/dx) ^ 0, i.e. \1/ is a conformal immersion. 
Finally ()62|) may be written 

KFi + KFI = 0, 1 < j < n, 

which is equivalent (by Lemma to JT"*- = and (|F7jl - (|KH|l imply 
minimality. □ 
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